
 Introductions lectmedia dTI
The auguro of the theory steer from
Felix Klew a Erlangen programma

geometry of a sposa io determined

by its group of symmetries

La groupo ore named offer Sophus Ge

Èidea develop theory of symmetries
of differential equations
Galois theory for
algebraic equations

Le groups ore anni indispensable tool ne

several branches of mathematics vedi
theoretical physics

Roughly speaking a kegrocapis differentiable

manifold that is also a group and
such that the group operations one compatible



with the manifold structure
nell discuss preciso defuntion Poter in the course

To
any

he group me con associate ore algebrone

object the be algebro of the group
geometrically

it corresponds to the tangent
spose of the he group of the identity

la the famous problem Est publicizedby
Dowd Hilbert in 1900 the fifth problemi
asked if there was

any difference
un

assuming that the topological space

underlying the group was only o

topological manifold

The answer is that there in no difference
and if come with the work of
Andrew Gleason Deane Montgomery and
Leo Zeppieri in the

early 1950s

The interpretation of the angreal questioni

of Hilbert in debated



J

A stronger interpretation with respect to the one
mentioned aborre leads to the so called

1941

YI.ITm po.ao
faithfully and continuously on topological
manifold M then Gis o ha group

The statement is true in dimensioni 2

E and it was proved un

Samennone 3 by John Pardon in 201
In it is completely open

Montgomery Zippure 1955

IIFI.IE nidedwthree porta
Topological groups homogeneous spacco
and invariant measures

Le groups and than he algebra
correspondence between subalgebra
and subgroups
Structure theory



my

In the first port we shall see how for one
con gotG io only assumed to be

a topological space and the operations
one confanno The answer will be that
we con go surprisingly for

In the lofport we will try to decompose
Le groups and he algebroo into

fundamental blocks that are comes

to understand
will generalize some classical decomposition
results for matrices in linea algebra

Note the resolution ofHilbert's fifth problem io

particularly striking because

Milnon 56 there one topological manifolds that
admit multiple non diffeomorphie smooth
structured
Freedmon 82 there exists o top manifold
that does not admit any smooth structure



Iep Chapter 2

2

funtoeampls.ITIt.p group is a group E whose

underlying set in endowed with o topology
a t the multiplication

m G G G

gin gh
and the cavense

I G G

g g
1

ora continuano m pa

Remore obove GAG io endowed with
the product topology

E.IT mmm

and cioe idee i io a

homeomorphism



ci For
every g

E G the left
translation 1g G G

raga
and the right translation

Rg G G
ng

ora conturows Moreover It
is obvious that

Lg Lg 1 4 4_ dg and

Rg Rg 1 Rg 1 Rg da

hence Lg and By ore Lameomorphoma

lei Let 6 G Ga be homomorphism

of topological granpa
e pigh pig ph kg hEGi

The comention G con be expressed
as commutotivatg of the drognomi

G Gz

4 4cg



g Eg
G Gz

for all g Gi

Consequence if per contmono at e Gi
ontwares on Gi

Iv A subgroup H G of top group
G in a topological group when

equipped with the induced topology

v1 Given o family of top groups Ga
α E A the contenon product

Ia G with the product topology
io top group

vi If HOG is normal subgroup of
top group than GG quotient

endowed with the quotient topology
is o topological group

EiffIII unta tu amerete topology



my g g

Everdeen topology and

addition

t.FI

I p vepoupsR andftheRond E

FITITI space of man matrices
with the Euclidean topology
Note that the mofux product

A B A B
io continuano Leti
GL Ch k A Man R data 0

and note that it is on open subset

of Mnin R
Then GL niti is a group with neutral
element Id
with the formula A Ig III



it's ummediato to check that GLIMIR
io o topological group

Consider o locally compact Howsdorff top
poco We endow Homeo X

group of homeomorphism of with

the compact open topology

fE.IT ap.ageoeapoees

Theseto.SCCUl fECKiY fCc cu

where C E X is compact and VI
io operi fa m a sub basis of the
c mpoct open topology on XIX

ILEITT g topology 2 01 7
on o set io o family of seta a ti

the family B obtained by taking all



y y y
fonte intersections of elements of 8 co bono

EI.TT nEneeessonlyatop group

top group if scompact

FIYE.LI mpoetHeandonffondloc
connected then Homeo CI top group

rifoldo ora la compact

Hausdorff and loc connected

ETII.siI.otamowifold C

Diff M fattomeo M f f EC

o subgroup of Home M and hence it



p 8
io otop group
It is not closed on Home M mt the

Comp opatopology

EII.IT pn.permetneopoee
closed bollo one compact Then

its group of isometries

Iso X f bijection with

difalifyl day xp EX

with the compact open topology io a top
group

IIIIIIInee ix a the compact
open topology on XIX in the

topology of uniform convergence on

compact seta



T.IT dIImesabgoupoofGLIniR
A ti Bo

io o closed subgroup of GLIMIR

isomorphic to Rsa on top group

11 The group of upper triangerlon matrices with
Is on the diagonal

N Gaines

io o closed subgroup of GL MIR
Note Nia homeomorphic to A È

but it is not isomorphic to

Indeed if ha 3 then Mio not obeleon

c The group K 0in R A GLIMIR

A Id of orthogonal matrices

io a closed subgroup of GLIMIR



Note the Gram Schmidt onthoganalization
procedure cena be ne phrased by
saying that any motmx g GLIMIR

con be written uniquely as

g
K a n

with K E Ofnik a f A h E N

His poronible to check that the Mop
K AXN GLINIK
K a n Kah

Io o homeomorphism

In the lost part of the course ome of the goals
will be to discuss generalizations of
this land of decomposition

EIII.IE mmetnemaneonformonR
BY È iyi Ii its



with ptp h Up to change of b mio this

is the unique symmetric non degenerate
bileneon form of signature pig

The group OCpiq Gg E GLIMIR g preserve
B

gEGLin.TT tg
so closed subgroup of GLCnik

Ee the Minkowski metne which io

Key fa special relativity corresponds
to the choice pag 113

FETÌIA wattoneatheneae cose

we define
GLIn 4 E Mnin C detto



Glen E Main E in open end it
is a top group with thewanted topology

For Main C we let

Then we can define cf with Ea 2.16

A

n
di ER so

E

Ulu 4g E GL Cui G gg
di

C
mutong group

Then there is o homeomorphism
Ke A N GL n

Kia in Kah

FIIntiTI nanetto matinees with



def 1

We have SCIMIR 3g E GLIMIR
detg 1

SOCpig O pg n SLIMIR

SC Cn C 4g E GCIn detg 1

suini usul n scchi E

2 2 Compactness and local compactness

Newall be mostly focusing on locally compact

groups Key for ws wall be the existence

of a Hoon meosene in the locally comporti
cose

Definition 2.20

A topological space li is locally compact

if every point odmi.tn a compost neigh



Cemmo 2.21

A Hausdorff space X in locally comporti
Iff every point admits fundamental
system of compact neighborhoods

Lemmo 2.22
Let be locally compact and Hausdorff
Then is locally compact off it

in open ne sto closure

Example 2.23

Any group G with the discrete topology
R RF one locally compact

and Hausdorff
GLM.IR is loc compact Hausdorffby
Lemmo 2.22

Exercise 2.24

If Mio manifold with due M 71
then Homeo M is not locally compact

ExempleillSS



Let Ga E A be a set of Hausdorff
top groups Then

it Ia Ga io compact iff Ga
io compact α E A

ii Ig Ga in loc compact iff
all G s ora loc compact and
all Ga s one compact except
funtely momy

Ex mperIII
If it in o proper metric space the

Iso x io locally compact If
xd in compact then 100 X is

compact

Theo follono from

Ithentash Ani

id metre space I C XIX
Goo compact closure Iff



io equicontinuono and for
every

x E X the net fa LEI
hoo compact closure un X

Example 2.28

A N K o e closed subgroups of GLIMIR
hence locally compact

We clown that Otri in compact
014 in closed because avesse emogl
of Id mio the continuous mop

Muin R Man R
A AI

Writing 911 i XI columns
of

the condition Id implies
IX 112 1 for each i 1 4

hence 11 1112 4 Henee Oln
in bounded Hence compolt



Example 2.29

We mentioned that Olpiq in a closed

subgroup of GL MIR We cloum

that if part on 971 then

Ofpig io non compact

To get on idea of why this is the cose
we consider 5011,1 which is

a closed subgroup of 01111

SOCII Y
2 72 1

y ER

We consider the of e E R2
under the action of 501111 by
multiplication



The hyperbola is clearly non compact
If SOC 1,1 was compact then the
orbit Ey 1 MYER

should be compact Contradiction

Exercise Show that the connected

component of the identity un 5011,1
io homeomorphic to IR

Exeranep Fund o compact topological group
with o non compact subgroup

EEI.EE 7 ma then

Olpiq has a closed subgroup
isomorphic to R Heure et io non

compact

Exomple2INT
Let A be a complex and separable
Hilbert space



We endow 21H the group of
unitary operators of A with the

strong operator topology A bon's

of open seta io given by

U T 4 Uni E

SE 21H 11 Sui Taill CE 1 ien

It is possible to verify that 21117 io

topological group and

21H is locally compact iff don ad

Moreover if due A co then 21H is

compact

2.3 General properties of topological groups

topological space is connected
innot be written oso disjoint

unioni of two proper open subsets



the closure of a connected subset is

connected

the continuous image of a connected
set is connected

Given a topological space X ma con

let any if y connected
subset of

The above defunes on equivalence relation
The equivalence classes one called connected

components of
The connected components ora maximal
connected subsets

Propontion2 IT

LetGbeo topological group The following
hold i

1 If G is subgroup soia



ii If A G is open then it is closed

Ii The connected component 6º of G
contouring the neutral element io

a closed normal subgroup of G

iv If Gio connected and U e io

a neighborhood of e then µ 0 G

v1 If Gia connected and N Δ G io

discreta and normali the N io

contoured in the center 2 G

Nototore Given sabato A An If

A __ An fa an ai Ai i

Given U G

6 u on ai U i n

v 4 a v U



We
say

that VIG is symmetric if
Vi

Before proving Prop 2.31 we state
and prove a useful lemma

Lemmo 2.32

it if u t e io a meigh of e then there
excata Va e symmetric and open
with V U

ri If Use is neagh _of e thenthere
exists V7 ci operi symmetric
with E v.v c U

ProfitWe can fund e EW CU with Nopen
N c a is also open
Then V W nn se io open

symmetric with Va U

11 Remember that m GAG G



io contanous by def In particulon it
is continuous of ese E GTG
Hence there is W e neigh of e

o.tw mIWaW C U

io sufficient to are i to fund
Va e open symmetric month VCW

LE 2.31

it By continuity of m

m HT MIHI I

MIEI
Suree i io o homeo GO

ICH H i F

Henee I is a subgroup

ii We lot R be a setof representatives
for with Rae



Then G HWWn.lt
NERI he

Nate that nA Ln H in open for
each n E R
Henee ftp.pgeqr.tt io open

Hence H G I Hang r in closed

i G 6º e e io connected
Hence M G G 7 e in connected

M G G e G

Moreover i torneo with ice e
i G

G in o subgroup

Sure È G se io connected

bymoximolety
È G hanee

G io closed

For ally EG we let uff G G

gag



Note that cut g in cloong continuano

antigleel e rating G CG

G in normal un G

ivi Let G l'd e open with VCU

Then H e U

Em His subgroup Exercise

Moreover each is open H io

open subgroup Henee A is cloned by ii

Henee A G v G

v Let NOG be onorate normal

En EN we have a conturnuovo mop
G N compositionof

g gng I continuous maps

The Image of this Mop io connected



because G in connected and it contors

In Sance N io avocrate the image
io In Hanee N CZ G

Remark 2.33
For topological space X sto XI denotes
the set of connected components

By Prop 2.31 ecc when Gas o top
group we con identify IT G with

Heuer IT G acquires a group structure

RemonP computing to G con.be

extremely difficult olio for some

unnocent looking groapo G

Example
If T S 5 them To Homeo Tr

GL 2 2

More generally IT Homeo TM GLIN Z



y

IT 014,17 2
2 Exercise

4,17 Diff S3
To Diff 531 2 2 Cerf 1969

We discuss now the relation of Prap 2.31 r

with
covering theory

FootI if io poth connected locally
poth commented and servi locally simply
connected then a univerol

caverng
of the pointed apace X always
exists

Excraft let A be _top group and

p G H is o covering space Assume

that both H and G one locally poth
connected and pothconneeted.TT

e p e there exists a

unique topological group structure on



9 g g
with neutral element e such that
p G H is o homomorphism

Nofeltroif we drop all the connectedness

assumptions then there one counterexamples

if we only assume connectedness and not

poth connectedness and local poth
connectedness there the exercise scemo

to be on open problema

Defuntionfi a topological spore in locally
poth connected if for ony neagh E U

and
every x E X there exists on

open set E EV sit
io poth connected

DITE o top spose in semi locally
amply connected if forevery E there
10 a maghi EU a t

every loop
mi U is null homatope un X



f we assume that A satisfies the assumptions

of the Foot above we con consider

p H o universal covering mop
often fixing e Ep a and the

corresponding group structure on

Ie Ken p p e e ZII

Indeed Kersp p e in discrete onde
normal in the connected group À
Heure hy Prop 2.31 v it in cantone

in the center Fundamental
group

Sumee Kersp IT Hee me

conclude that T He in obelion

2 4 Local homomorphisms

Thes section will be fundamental later
when ma will ascesso the correspondence
between Le algebras and ha grampo



8

Defunton

3aletE H be top groups A local home

morphism io a pain 6 U connaturg

of o neighborhood Vof e and a

continuous mop 6 U H a t
whenever x y xp E U there

play pel pcy

tira called a local isomorphism if
6 U U io o homeomorphism

Exomple 2.35IT
It is

easy
to cheek that R omai

s T 33 E 131 1

one locally isomorphic
They are not isomorphic clearly

Example 2.36

If p G It is covering homomorphism

of topological groups then Gond H



ore locally isomorphic Exercise explicit
a local isomorphism from H to G

Theorem 2.37

If 6 H is a local

homomorphism and Gio poth connected
and simply connected then e extends

uniquely to e continuano homomorphism
G H

Sketch of proof

We assenso the strategy before giving some

of the details There will be three moan

steps
StepI fan any

continuous poth α 011 7
wath Col e we extend e along α
to define α 1

A priori it is not elean that the extension
io well defined un this way



Stepz we use Hot Gia simply connected
to show that if α 1 1 011 G

one continuano potho with a o e 9 0

and α 111 α 1 then fa 117 410,11

step.se we show that the extension
G H obtained un this way io a

continuano homomorphism

Once we have done this uniqueness follows

by Prop 2.31 iv Eenie

We discuss some details starting from
Step 1

Let α 011 G be continuous with
a o e We say that o partition
t oct c tu 1 of 011

in good if Sit E In te ite
est f E U

410



11414

U

good partitions exist
IIT ise that 0113 in compact

o refinement of a goodf7tn io a good petition

my two good partitionsEffimmon refinement

Gwen o good partition O toc c.tn 1

we observe that

1 a t.TL 1 altIIlfI altnoJI1h

E I



and define

acacia alfa 211 p.la tn oIHn

Note that if we refine the partition by adding
single pount I te 1 1 te
there

henee using that e io o local homomorphism
we get
altra Ital e a Ha F1 la FINI

n po_ticulon if we use this refinement to
define 6cal 17 we got the o.me result

Equense 4411 in undependent of
the chosen partition of 011 once

we have fixed the path α

In Step 2 we shall see that it is also



independent of the choice of the path
nomeley la does not depend on α

12 lat α 14 0,1 G

with 4101 9,10 e a 11 4211 9
Gia simply connected hence there exiato
a homotopy
H 011 011 G

with Hfoit ott Hait 2217
E 11

We con choose W W neghof e
o.fw CU.by Lemmo 2.32 ciel

We set as 0,1 G by
as t His f LE 011
s E 011 We also at ps Cas

Isisti Saitz
We con find 8 0 a t siti Hisaita

H si ta Hisa tr E W IIII
for all 5,152 fa te with Hisitt'HIsit

1s sa It tal 8 Ks al



Then fa 00 SE 011 the partition
Sta 4 E in good if we

choose n longe enough so that ICE
We eat A SE 11 Psg 4 g

Since O E A it io enough to prove
that A io open and closed
It will follow that A 0117 and hence

b a 111 9 x
HILTI

We discuss how to prove that A inopert
the prof that if in closed in conien
and it is left on on Fem e

Demote sia Ag fr

By construction
sik sik E W 1 K n

S 011

We let sit be such that s ri 8



and consider the images of the partition
along the wives an and s

Trik W

g

00

Èhikta W
e

xp IN

finee Is r c S we have

yn si trik E W KK

Then we can write

using that WCU



By the local homomorphism property

si sin e ya xrin I Trik PIÙ

Then we comp.netprodnctdefimng 4 19111
with the one defining fa Can 1

to e

II ecasini carina estate.la

e fini aria yeye

Plyn eIlyn eCarini erin plynt

ehi tre g farà tre panini trin
T

È É.hn

aimee e y plyul e

This completes the proof that Ain open

Step 3 in onder to check that y



in homomorphism we note that if
a is a path from e to go and β io

path from e to h then
the concatenation of α with gβ 10

poth from e to ghi and

bypnotunction of e it holds

eight pag e h
Seepicture below

The continuity then follows immediately
from the continuity of e

Corollary 2.38
Let G be o poth connected Illypoth
connected and a

1f.nettop group with
universal covering
Let

È A
be a local homomorphism and
Va è È a meigh of è a ti

p.lv U

Them pop V A extends to



enfantin
uova homomorphism

E H

Notte that this is a localhomemonpanom

NEI GLIn 2 Man 2 n det 11

note.IT t Diff 5ª is not Known

TI from now an unless otherwise stated

if we soy that in semply connected it
will be implicit that io poth connected

Picture for Step 3 of the proof above

JT2
contention
of α and
9A

gh


